Commuting dual Toeplitz operators with pluriharmonic symbols  by Lu, Yufeng
J. Math. Anal. Appl. 302 (2005) 149–156
www.elsevier.com/locate/jmaa
Commuting dual Toeplitz operators
with pluriharmonic symbols
Yufeng Lu
Department of Applied Mathematics, Dalian University of Technology, Dalian, 116024, PR China
Received 19 June 2003
Available online 2 October 2004
Submitted by R. Curto
Abstract
In this paper we completely characterize commuting dual Toeplitz operators with bounded pluri-
harmonic symbols on the Bergman space of the unit ball. We show that for ϕ and ψ pluriharmonic,
SϕSψ = Sψϕ on (L2a(Bn))⊥ only in the trivial case. Here the trivial case is ϕ or ψ¯ holomorphic.
 2004 Elsevier Inc. All rights reserved.
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1. Introduction
Let Bn be the open unit ball of the complex n-space Cn and let dA denote the Lebesgue
volume measure on Bn, normalized so that the measure of Bn equals 1. The Bergman
space L2a(Bn) is the Hilbert space consisting holomorphic functions on Bn that are also in
L2(Bn, dA).
Let P denote the orthogonal projection from L2(Bn, dA) onto L2a(Bn). We call P the
Bergman projection. For a function f ∈ L∞(Bn, dA), the Toeplitz operator Tf on L2a(Bn)
is defined by
Tf (g) = P(fg), g ∈ L2a(Bn).
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L∞(Bn, dA), we define the multiplication operator Mf to be the operator on L2(Bn, dA)
given by Mf (g) = fg, for g ∈ L2(Bn, dA). Under the decomposition L2(Bn, dA) =
L2a(Bn) ⊕ (L2a(Bn))⊥, the multiplication operator Mf is represented as[
Tf Gf
Hf Sf
]
.
The identity M∗f = Mf¯ implies Gf = H ∗¯f . So
Mf =
[
Tf H
∗¯
f
Hf Sf
]
.
The operator Tf is the Toeplitz operator on L2a(Bn) with the symbol f ; the operator Hf
is the Hankel operator with the symbol f from L2a(Bn) to (L2a(Bn))⊥; the operator Sf
is an operator on (L2a(Bn))⊥. We call Sf the dual Toeplitz operator with the symbol f .
By the multiplication operator Mf , the Toeplitz operator Tf is connected with the Han-
kel operator Hf and the dual Toeplitz operator Sf . Because there are tight relationships
between Hankel operators and Toeplitz operators, last decades many mathematicians have
paid more attention to Hankel operators while they study Toeplitz operators. With the same
reason, we should also pay more attention to dual Toeplitzs operators. Much study for dual
Toeplitz operators may offer some insight into the study for Toeplitz operators. Although
dual Toeplitz operators differ in many ways from Toeplitz operators, they do have some of
the same properties. In the setting of the Bergman space over the unit disk, algebraic and
spectral properties of dual Toeplitz operators were studied in [1].
The general problem that we are interested in is the following: when two Toeplitz
operators commute, what is the relationship between their symbols? Knowing commu-
tativity of two Toeplitz operators often helps give an idea of what these operators look
like; conversely, trying to determine commutativity of two Toeplitz operators often leads
to interesting problems in analysis. In the case of the classical Hardy space H 2, Brown and
Halmos [2] characterized commutativity of Toeplitz operators on H 2. On the Bergman
space of the unit disk, the first complete result was obtained by Axler and ˇCucˇkovic´ who
characterized commuting Toeplitz operators with harmonic symbols [3]. Stroethoff ex-
tended their result to essentially commuting Toeplitz operators [4]. Axler and ˇCucˇkovic´
and Rao showed that if two Toeplitz operators commute and the symbol of one of them is
analytic and nonconstant, then the other one is also analytic [5]. ˇCucˇkovic´ and Rao studied
Toeplitz operators that commute with Toeplitz operators with monomial symbols [6]. On
the Bergman space of several complex variables, the situation is much more complicated.
Zheng studied commuting Toeplitz operators with pluriharmonic symbols on the unit ball
in Cn [7]; Lee studied weighted cases [8]. Lu characterized commuting Toeplitz operators
on the Bergman space of the bidisk with H∞(D2) + H∞(D2) symbols [9]. In this paper
we characterize commuting dual Toeplitz operators with bounded pluriharmonic symbols
on the Bergman space of the unit ball.
Our main results are the following Theorems 1.1 and 1.2.
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Then
SϕSψ = SψSϕ
on (L2a(Bn))
⊥ if and only if ϕ and ψ satisfy one of the following conditions:
(a) Both ϕ and ψ are holomorphic on Bn.
(b) Both ϕ¯ and ψ¯ are holomorphic on Bn.
(c) Either ϕ or ψ is constant on Bn.
(d) There is a nonzero constant c such that ϕ − cψ is constant on Bn.
Theorem 1.2. Suppose that ϕ and ψ are bounded pluriharmonic functions on the unit ball.
Then
SϕSψ = Sψϕ
on (L2a(Bn))
⊥ if and only if ϕ is holomorphic on Bn or ψ¯ is holomorphic on Bn.
2. Proof
By the definition of the dual Toeplitz operator Sf , we know
Sf (u) = (I − p)(f u), u ∈
(
L2a(Bn)
)⊥
.
The identity Mfg = Mf Mg implies the following basic relation:
Sfg = Sf Sg + HfH ∗¯g . (2.1)
If we take f ∈ H∞(Bn) and g ∈ L∞(Bn, dA) in (2.1), we get Sfg = Sf Sg and Sf¯ g =
SgSf¯ , since Hf = 0.
For each z ∈ Bn, we let Kz denote the Bergman kernel at z. Thus
Kz(w) = 1
(1 − 〈w,z〉)n+1 , w ∈ Bn.
The Bergman projection P is then the integral operator
Pf (z) =
∫
Bn
f K¯z dA(w),
which maps L1(Bn, dA) into H(Bn). See [10, Chapter 3] for more information about the
Bergman kernel and the Bergman projection.
For any multi-index α = (α1, . . . , αn), where each αk is a nonnegative integer, we will
write
|α| = α1 + · · · + αn and α! = α1! · · ·αn!.
We will also write
zα = zα11 · · ·zαnn
for z = (z1, . . . , zn) ∈ Bn.
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Bn
∣∣wα∣∣2 dA(w) = n!α!
(n + |α|)! .
Proof. See [10, Proposition 1.4.9]. 
The symbol wi will denote the appropriate coordinate function. This will be apparent
from the context in which they appear.
Lemma 2.3. Let f ∈ L2a(Bn) and assume
f (z) =
∑
α
Aαz
α
is the power series representation of f . Then
P(wif )(z) =
∑
α
Aα
αi
n + |α|
zα
zi
for all z ∈ Bn and 1 i  n.
Proof. Write
Kz(w) =
∑
β
(n + |β|)!
n!β! w
βz¯β, z,w ∈ Bn.
Since holomorphic polynomials are orthogonal to each other in L2(Bn, dA), Lemma 2.2
gives
P
(
wαw¯i
)
(z) =
∫
Bn
wαw¯iK¯z(w) dA(w) = αi
n + |α|
zα
zi
, z ∈ Bn,
for every multi-index α and i = 1, . . . , n. The desired result then follows from the power
series expansion of f and term by term integration. 
Lemma 2.4. Let f ∈ L2a(Bn). Then f is independent of some variable zi if and only if
P(w¯if ) = 0.
Proof. Assume
f (z) =
∑
α
Aαz
α
is the power series representation of f . If f is independent of some variable zi , then for
any multi-index α = (α1, . . . , αn), which appears in the power series representation of f ,
we have αi = 0. Then, by the proof of Lemma 2.3, we conclude that P(wαw¯i) = 0. By the
power series expansion of f , we obtain P(w¯if ) = 0.
Conversely, if P(w¯if ) = 0, by Lemma 2.3, for any multi-index α = (α1, . . . , αn),
which appears in the power series representation of f , we have Aααi = 0. It follows that
if Aα = 0, then we have αi = 0 and hence f is independent of some variable zi . 
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and
ϕ = f + k¯, ψ = h + g¯,
where f , g, h, and k are holomorphic functions. Then k¯P (hw¯i ) − g¯P (f w¯i) is a holo-
morphic function for each 1  i  n if and only if ϕ and ψ satisfy one of the following
conditions:
(a) Both ϕ and ψ are holomorphic on Bn.
(b) Both ϕ¯ and ψ¯ are holomorphic on Bn.
(c) Either ϕ or ψ is constant on Bn.
(d) There is a nonzero constant c such that ϕ − cψ is constant on Bn.
Proof. It suffices to show that ϕ and ψ satisfy one of the conditions in Lemma 2.5 if
k¯P (hw¯i) − g¯P (f w¯i) is a holomorphic function for each 1 i  n.
By [7, Theorem 5.6], for each 1  i  n, k¯P (hw¯i) − g¯P (f w¯i) satisfies one of the
following conditions:
(1) Both P(f w¯i) and P(hw¯i) are constants.
(2) Both P(f w¯i) and k are constants.
(3) Both g and P(hw¯i) are constants.
(4) Both g and k are constants.
(5) There is a nonzero constant c such that ck − g and P(hw¯i) − c¯P (f w¯i) are constants.
Obviously, if both g and k are constants, then both ϕ and ψ are holomorphic and the
condition (a) would hold.
First, we assume that there is an i such that both P(f w¯i) and k are constants. We write
k¯ = c. Then we conclude that cP (hw¯j )− g¯P (f w¯j ) is holomorphic for each 1 j  n. If
g is a constant, then both ϕ and ψ are holomorphic and the condition (a) would hold. If g
is not a constant, then P(f w¯j ) = 0 for each 1 j  n. By Lemma 2.4, we conclude that
f is a constant. This shows that ϕ is a constant and the condition (c) would hold.
Similarly, if there is an i such that both g and P(hw¯i ) are constants, we conclude that
either both ϕ and ψ are holomorphic or ψ is a constant. Hence either the condition (a)
or (c) would hold.
Next, we assume that there are an i and a nonzero constant c such that ck − g
and P(hw¯i) − c¯P (f w¯i) are constants. Write ck − g = d and P(hw¯i ) − c¯P (f w¯i) =
P((h − c¯f )w¯i) = a. For each 1 j  n,
k¯P (hw¯j ) − g¯P (f w¯j ) = k¯P (hw¯j ) − (ck − d)P (f w¯j )
= k¯P ((h − c¯f )w¯j )+ d¯P (f w¯j )
is holomorphic. If k is constant, then g is also constant. We conclude that both ϕ and ψ
are holomorphic and the condition (a) would hold. If k is not a constant, then for each
1 j  n, P((h− c¯f )w¯j ) = 0. By Lemma 2.4, this shows that (h− c¯f ) is a constant and
the condition (d) holds.
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We write P(hw¯i ) = ci and P(f w¯i) = di . Then we have
ci k¯ + dig¯
is holomorphic for 1 i  n. Note that P(ci k¯ + dig¯) = cik(0)+ dig(0), we arrive at
ci
(
k − k(0))= di(g(0) − g). (2.6)
We consider three cases.
Case 1. If P(f w¯i) = P(hw¯i ) = 0 for each 1 i  n, we obtain that f and h are constants
by Lemma 2.4. Thus ϕ¯ and ψ¯ are holomorphic and the condition (d) holds.
Case 2. Assume that there is a m such that dm = 0. Note that
cm
(
k − k(0))= dm(g(0) − g).
If k is a constant, we obtain that g is also a constant. This shows that the condition (a)
holds. Hence we assume that there is a m such that dm = 0 and k is not a constant. Then
dj = 0 implies cj = 0 by Eq. (2.6). By Eq. (2.6) again, there is a constant r such that
cj = rdj for dj = 0 and g − r¯k is a constant. Hence cj = rdj for 1 j  n and g − r¯k is a
constant. This gives P((h − rf )w¯j ) = 0 for each 1 j  n. By Lemma 2.4, we conclude
that h − rf is also a constant. The condition (d) holds.
Case 3. Assume that there is a k such that ck = 0. An argument similar to the one in Case 2
shows that either the condition (a) or (d) would hold. This completes the proof. 
We are now ready to prove Theorems 1.1 and 1.2.
Proof of Theorem 1.1. It suffices to show that the necessity of one of conditions (a)–(d) in
case Sϕ and Sψ commute. Suppose that Sϕ commutes with Sψ on (L2a(Bn))⊥. Because ϕ
and ψ are bounded pluriharmonic functions on the unit ball, by [7, Proposition 6.1], there
are four functions f , g, h, and k in H 2n(Sn) such that
ϕ = f + k¯, ψ = h + g¯.
Since w¯i ∈ (L2a(Bn))⊥ for 1 i  n, we have
SϕSψ(w¯i) = SψSϕ(w¯i) (2.7)
for each 1 i  n. By a direct computation, we have
SϕSψ(w¯i) = Sϕ
(
(I − P)(ψw¯i )
)
= (I − P)[ϕ(I − P)(ψw¯i )]= (I − P)[ϕ(I − P)(h + g¯)w¯i]
= (I − P)[(f + k¯)(hw¯i + g¯w¯i − P(hw¯i)]
= (I − P)(fhw¯i + f g¯w¯i − fP(hw¯i) + hk¯w¯i + k¯g¯w¯i − k¯P (hw¯i)).
Similarly, we have
SϕSψ(w¯i) = (I − P)
(
fhw¯i + hk¯w¯i − hP(f w¯i) + f g¯w¯i + g¯k¯w¯i − g¯P (f w¯i)
)
.
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(I − P)(k¯P (hw¯i))= (I − P)(g¯P (f w¯i)).
Thus
P
(
k¯P (hw¯i ) − g¯P (f w¯i)
)= k¯P (hw¯i) − g¯P (f w¯i).
This shows that k¯P (hw¯i ) − g¯P (f w¯i) ∈ L2a(Bn) for each 1  i  n. It follows from
Lemma 2.5 that ϕ and ψ satisfy one of the conditions of Theorem 1.1. This completes
the proof. 
Proof of Theorem 1.2. First if ϕ is holomorphic on Bn or ψ¯ is holomorphic on Bn, then
we have SϕSψ = Sψϕ by Eq. (2.1).
Next we assume that SϕSψ = Sψϕ on (L2a(Bn))⊥. Then
SϕSψ(w¯i) = Sψϕ(w¯i) (2.8)
for each 1 i  n. A direct computation gives
SϕSψ(w¯i) = Sϕ(I − P)(hw¯i + g¯w¯i )
= (I − P)(f + k¯)(hw¯i + g¯w¯i − P(hw¯i))
= (I − P)(fhw¯i + f g¯w¯i − fP(hw¯i) + hk¯w¯i + k¯g¯w¯i − k¯P (hw¯i))
and
Sϕψ (w¯i) = (I − P)
(
(f + k¯)(h + g¯)w¯i
)
= (I − P)(f hw¯i + f g¯w¯i + hk¯w¯i + k¯g¯w¯i)
for each 1 i  n. By Eq. (2.8), we have
(I − P)(fP(hw¯i ) + k¯P (hw¯i))= 0
for each 1  i  n. This shows that k¯P (hw¯i) is holomorphic for each 1  i  n. If k is
constant, then ϕ is holomorphic and we are done. If k is not constant, then P(hw¯i ) = 0 for
each 1 i  n. We conclude by Lemma 2.4 that h is constant. Hence ψ¯ is holomorphic.
This completes the proof. 
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